Abstract. We classify all the embeddings of Pn in a Grassmannian Gr(1, N ) such that the composition with the Plücker embedding is given by a linear system of cubics on Pn. As a direct corollary, we prove that every vector bundle giving such an embedding, splits if n ≥ 3.
Introduction
Giving a vector bundle E of rank 2 on P n together with an epimorphism O N +1 Pn → E is equivalent to giving a morphism from P n to a Grassmannian Gr(1, N ). When ∧ 2 E = O Pn (2), José Carlos Sierra and Luca Ugaglia [8] classified all the embeddings of P n in a Grassmannian Gr(1, N ) such that the composition with the Plücker embedding is given by a linear system of quadrics on P n .
In this article, we give similar answers on the vector bundles of rank 2 giving rise to triple Veronese embeddings of P n . The classification is divided into two parts. The first part is about the unstable bundles, and the other part is about the stable bundles. For the second part, we classify all the triple Veronese embeddings of P 2 and then show that there are no such embeddings in the case of P n , n ≥ 3.
The main statement is as follows: Theorem 1.1. Let X ⊂ Gr(1, N ) be a triple Veronese embedding of P n given by a vector bundle E of rank 2 on P n . Then one of the following holds:
(1) E ≃ O Pn (a) ⊕ O Pn (3 − a), a = 0, 1; (2) n = 2 and E admits a resolution,
where I p is the ideal sheaf of a point p ∈ P 2 ; (3) n = 2 and E ≃ Ω P 2 (3); (4) n = 2 and E is a stable vector bundle of rank 2 on P 2 admitting one of the following resolution;
As a direct corollary, we can derive a statement that every vector bundle of rank 2 on P n giving a triple Veronese embedding, splits if n ≥ 3.
I am grateful to José Carlos Sierra for introducing this problem. I thank Prof. Emilia Mezzetti for pointing out the mistake in the list of the theorem (1.1). And I also thank the anonymous referee for pointing out the mistakes in the original version of this paper and a number of corrections and suggestions.
Preliminaries and Examples
Let Gr(1, N ) be a Grassmannian variety which parametrizes all the projective lines in P N .
Definition 2.1. An embedding ϕ : P n → Gr(1, N ) is called a d-Veronese embedding of P n into Gr(1, N ) if the composition of ϕ with the Plücker embedding of Gr(1, N ) is given by a linear system of degree d on P n . When d = 3, we call it a triple Veronese embedding.
Let n = 1 and E be a vector bundle of rank 2 on P 1 with c 1 = d ≥ 1. Due to Grothendieck, E must be a direct sum of two lines bundles, i.e.
. E gives a d-Veronese embedding of P 1 into Gr(1, d + 1) as the family of lines joining the corresponding points of two normal rational curves of degree a and d − a.
Let d = 1 and E be a vector bundle of rank 2 on P n with c 1 = 1 giving a 1-Veronese embedding of P n into a Grassmannian. For a line l ⊂ P n , we have
, since E| l is also globally generated. In particular, E is uniform and, from [7] and [9] , E is isomorphic to O Pn ⊕ O Pn (1), or Ω P 2 (2) when n = 2. In the first case, E embeds P n into Gr(1, n + 1) as the set of lines passing through a point in P n+1 . In the case of E ≃ Ω P 2 (2), E gives a 1-Veronese embedding of P 2 into Gr(1, 2) ≃ P * 2 . Example 2.2. A vector bundle of rank 2, E ≃ O Pn (a)⊕O Pn (3−a), a = 0, 1, gives a triple Veronese embedding of P n into Gr(1, N ), N = n+a n + n+3−a n as the family of lines joining the corrresponding points on the two copies of P n , v a (P n ) and v 3−a (P n ). As a convention, we assume that v 0 (P n ) is a point.
Example 2.3. A vector bundle E of rank 2 admitting the following resolution,
→ E → 0, gives a triple Veronese embedding of P 2 into Gr(1, 4). In fact, there exist 3 lines L i , 1 ≤ i ≤ 3, in P 4 with the isomorphisms ϕ i : P 2 → |L i | determined by the resolution, where |L i | is the projective space of hyperplanes in P 4 containing L i . To each point x ∈ P 2 , we can associate a line in P 4 which is the intersection of all ϕ i (x). This defines an embedding of P 2 into Gr(1, 4) (see [2] ).
From now on, we fix d = 3 and n ≥ 2.
Classification
Let E be a vector bundle of rank 2 on P n with c 1 (E) = 3 and E is globally generated, giving a triple Veronese embedding
For a line l ⊂ P n , we have
with a = 0, 1, since E| l is also globally generated. In particular, h 0 (E| l ) = 5.
Proposition 3.1. Let E be an unstable vector bundle of rank 2 on P n with c 1 (E) = 3, and gives a triple Veronese embedding of P n into Gr(1, N ). Then one of the following holds:
n = 2 and E is the unique non-trivial extension of the following resolution,
where I p is the ideal sheaf of a point p ∈ P 2 .
Proof. Since E is unstable, we have an exact sequence
where k > 1, Z is a locally complete intersection of P n with codimension 2 and I Z is its ideal sheaf in P n . If I Z ≃ O Pn , i.e. the support of Z is empty, then this sequence splits since
Since E is globally generated, we have k = 2 or 3, and so we get the vector bundles of the cases (1) and (2) Now let us assume that the support of Z is not empty. Let l ⊂ P n be a line not contained in Z. By tensoring with O l , we have
and note that Tor 1 (I Z (3 − k), O l ) = 0, since the restriction of O Pn (k) → E to l is non-zero and thus injective. Then for some k ′ ≥ k > 1, we have
, a = 0 or 1 for some line l ⊂ P n with non-empty intersection with Z. But this is not possible. Now let us assume that k = 2 and furthermore Z is not a linear subspace P n−2 ⊂ P n , i.e. there exists a line l whose intersection with Z is 0-dimensional of length smaller than or equal to 2. Then if we tensor the sequence (1) with O l , then we obtain,
Thus Z is a linear subspace. Now we have
It is impossible since c 3 (E) = 0 for vector bundles E of rank 2. Hence, we have n = 2 and get the exact sequence of the case
Note that Ext
and so E is the unique non-trivial extension of the above resolution.
Now let us deal with the case when E is stable. Note that the concepts of stability and semi-stability coincide. The following two propositions are on the case of the projective plane. Proposition 3.2. Let E be a stable vector bundle of rank 2 on P 2 with c 1 (E) = 3 and H 0 (E(−1)) = 0, giving a triple Veronese embedding of P 2 into Gr(1, N ). Then E admits the following sequence,
Proof. From the exact sequence
Since E is globally generated, we have h 0 (E) ≥ 3. If h 0 (E) = 3, then we have a sequence
and E defines a map of degree 3 from P 2 to Gr(1, 2) ≃ P * 2 , which is clearly not an embedding.
If h 0 (E) = 4, then we have
where F is a vector bundle of rank 2 on P 2 with c 1 (F ) = −3. For a line l ⊂ P n , we have a sequence
Note that the map H 0 (E) → H 0 (E| l ) obtained from the above sequence, is injective since H 0 (E(−1)) = 0. Thus we have H 0 (F | l ) = 0 and the only possibility for
. In the first case, c 2 (E) can be computed to be 6 and h 2 (E) = h 0 (E(−6)) = 0 since E is stable. Hence we have
which is not possible. In the case of (ii), we have an embedding of P 2 into Gr(1, 3) with degree 9. From the classification of the congruences in Gr(1, 3) with degree up to 9 in [1] , the Veronese surface of degree 9 cannot be embedded into Gr (1, 3) . Thus this case is impossible.
where F is a vector bundle of rank 3 on P 2 with c 1 (F ) = −3. By the same reason as above, we have H 0 (F | l ) = 0 for any line l ⊂ P 2 . The only possibility for F | l is O l (−1) ⊕3 and in particular F is uniform. By the theorem(3.2.1) in [7] , F ≃ O P 2 (−1) ⊕3 .
Remark 3.3.
(1) When h 0 (E) = 4, we can indeed construct stable vector bundles of rank 2 on P 2 with c 1 (E) = 3 and c 2 (E) = 7 and a minimal resolution Now let us deal with the case when h 0 (E(−1)) > 0. By the stability of E, we have 0 → O P 2 (1) → E → I Z (2) → 0, where Z is a zero dimensional subscheme of P 2 with the length m > 0. Since I Z (2) is also globally generated, we have h 0 (I Z (2)) ≥ 2, otherwise we have an isomorphism between I Z (2) and O P 2 , which would make Z a conic in P 2 . In particular, m = |Z| ≤ 4.
Assume that there exists a line l ⊂ P 2 containing three points of Z. If we tensor the above sequence with O l , we have
globally generated. For any two points in P 2 , we can consider a line l passing through these two points and E| l defines an embedding of l in a Grassmannian. Hence, E defines a triple Veronese embedding of P 2 .
If m = 4, we have h 0 (E) = 5 and h 0 (E(−1)) = 1. Note that the natural restriction map H 0 (E) → H 0 (E| l ) has 1-dimensional kernel. If we tensor the next sequence
by O l and take the long exact sequence of cohomology, we have
The only possibility for
and so we have
. If we tensor this resolution with I p for a point p ∈ P 2 and take the long exact sequence of cohomology, we get
Hence the natural map H 0 (E) → E p is surjective and in particular, E is globally generated. By the same reason as above, E also defines a triple Veronese embedding of P 2 .
Remark 3.4. For a stable vector bundle E ∈ M (3, 6), it can be shown that there are four possible cases for the minimal resolution of E(−1):
This gives us a stratification of the 12-dimensional moduli space M (3, 6) ≃ M (−1, 4) . Especially, h 0 (E(−1)) = 0 for any E ∈ M (3, 6) of type (4) and these bundles belong to the open stratum, which is isomorphic to the quotient space Hom(O P 2 (−2) ⊕3 , O P 2 (−1) ⊕5 )/ GL 3 × GL 5 . The bundles E with the resolution (1) describe an locally closed part of codimension 1 in M (3, 6), whereas the bundles of type (2) are specialization of bundles of type (1). Types (1) and (2) together describe the part of M (3, 6) consisting of bundles E with h 0 (E(−1)) = 1. In these cases, E is globally generated and combining the resolution of E(−1) with 0 → O P 2 → E(−1) → I Z (1), we get the resolution
in the case (1) , showing that Z is the intersection of two quadrics in general position. In fact, the resolution (1) with the Euler sequence gives us the resolution:
Similarly, in the case (2), Z is the union of a point and the intersection of a line and a cubic, contradicting our assumption on Z, where I Z is the cokernel of the following matrix:
So the case (2) is excluded. The bundles E of type (3) form a locally closed subset of codimension 5 in M (3, 6) and h 0 (E(−1)) = 2. But the bundles of this type are not globally generated.
It is also well-known how the minimal resolution of stable vector bundle F ∈ M (−1, c 2 ) look like for small c 2 . We have E = F (2) ∈ M (3, c 2 + 2). If c 2 = 1, then we have the Euler sequence, i.e. E = Ω P 2 (3). If c 2 = 2, we have
E is globally generated by 7 sections and c 2 (E) = 4. Combining this resolution with the Euler sequence, we obtain the resolution
If c 2 = 3, then we have two resolution types: for the generic one, we have
and E is globally generated by 6 sections with c 2 (E) = 5. Similarly as above, we obtain
In the special case, we have
but E is not globally generated. Summarizing all the arguments above with the previous proposition, we have the following statement.
Proposition 3.5. Let E be a stable vector bundle of rank 2 on P 2 giving a triple Veronese embedding of P 2 . Then E is an element of M (3, c 2 ) with 3 ≤ c 2 ≤ 6. Conversely, general elements in these moduli spaces, also define triple Veronese embeddings of P 2 . Now let us deal with the case of higher dimensional projective spaces. At first, let us assume that n = 3 and take a stable vector bundle E of rank 2 on P 3 with the Chern classes (c 1 , c 2 ). Then we have the Riemann-Roch formula:
which implies the Schwarzenberger condition c 1 c 2 ≡ 0 (mod 2). If c 1 (E) = 3 and H 0 (E(−1)) = 0, then we have an exact sequence
where Z is a locally complete intersecting curve in P 3 , since H 0 (E(−2)) = 0 due to the stability of E.
Lemma 3.6. If Z is smooth, then E does not give a triple Veronese embedding of P 3 into Gr(1, N ).
Proof. By the local fundamental isomorphism, we have
Since c 1 (E(−1)) = 1 and d := deg(Z) = c 2 (E(−1)), the degree d must be even by the Schwarzenberger condition c 1 c 2 ≡ 0 (mod 2). We have
where the last equality is from the Riemann-Roch formula. If Z is smooth, then we can let Z = ∪Z i is a disjoint union of m smooth, connected curves Z i of genus g i ≥ 0 (i = 1, · · · , m) and so
It implies that m ≥ 3 2 d and also m ≤ d. This is impossible and so Z cannot be smooth.
Remark 3.7. For example, let Z = Z 1 ∪ Z 2 be the disjoint union of two smooth conics and consider E admitting the sequence
From the results in [6] , we know that E is stable and there exists a line l for which E| l ≃ O l (4) ⊕ O l (−1). Indeed, this line l is uniquely determined to be Π 1 ∩ Π 2 , where Π i is the hyperplane containing Z i . Moreover, we have
If we tensor the sequence (3) with O l , we get
and it splits. In particular, the morphism induced by E is not an embedding over l.
Proof. Clearly, h 0 (E) ≥ 3 since E is globally generated. Thus we have the exact sequence (3). Using the local fundamental theorem, we obtain that 
If E gives a triple Veronese embedding, then it would induce a triple Veronese embedding of a general hyperplane and so c 2 (E) must be at most 6 from the previous results on P 2 . In particular, d ≤ 6. Since h 0 (I Z (2)) = 0, Z is not contained in a quadric and so d ≥ 3. The only possibilities are when Z is the union of (1) three disjoint smooth conics, (For the classification of curves in P 3 with low degrees, see [3] .) But all cases but the first, can be excluded because of the condition that ω Z = O Z (−1). Assume that Z is the union of three disjoint smooth conics. From the previous remark, we can find a line l ⊂ P 3 that meets two of the conics of Z at two point for each. By tensoring the sequence (3) with O l , we obtain
. Thus E does not give an embedding.
Corollary 3.9. Let E be a stable vector bundle of rank 2 on P n with c 1 (E) = 3 and n ≥ 4. Then E does not give a triple Veronese embedding of P n into Gr(1, N ).
Proof. Depending on H 0 (E(−1)), we have the sequence (2) or (3) replacing P 3 by P n . For a general hyperplane H ≃ P n−1 ⊂ P n , E| H is also stable. Furthermore, by the Bertini theorem [3] , we can choose H so that Z ∩ H is smooth. In other words, we can choose a general 3-plane H ≃ P 3 for which E| H is stable and (1) H 0 (E| H (−1)) = 0 or (2) there exists a smooth 2-codimensional Z ′ ⊂ H with an extension
From the previous two lemmas, E| H does not give a triple Veronese embedding.
The only remaining case to deal with, is when H 0 (E(−1)) = 0 where E is a stable vector bundle with the sequence (2) and Z is not smooth. By proving that E does not give a triple Veronese embedding, we can prove the following proposition. Proposition 3.10. Let E be a stable vector bundle of rank 2 on P n with c 1 (E) = 3 and n ≥ 3. Then E does not give a triple Veronese embedding of P n into Gr(1, N ).
Proof. Let d := deg(Z) = c 1 (E(−1)). Since c 1 (E) ≤ 6, so 1 ≤ d ≤ 4 and so d = 2 or 4 by the Schwarzenberger condition. The case when d = 2 is excluded due to the previous remark. So let us assume that c 2 (E) = d + 2 = 6. By the local fundamental theorem, we have ω Z = O Z (−3). In particular, the arithmetic genus p a of Z, is −5 and so Z cannot be reduced. Indeed, the smallest p a for a reduced curve Z ⊂ P 3 with the degree 4, is −3 when Z is the disjoint union of 4 lines. Now assume that h 0 (I Z (2)) = 0. It implies that h 0 (E) = h 0 (O P 3 (1)) = 4. The vector bundle of rank 2 F := ker(O ⊕4 P 3 → E) has the Chern classes c 1 (F ) = −3 and c 2 (F ) = 3 and it contradicts the Schwarzenberger condition c 1 c 2 ≡ 0 (mod 2). Thus h 0 (I Z (2)) > 0. Since Z is not reduced, the quadrics containing Z must be double planes in P 3 or the unions of two planes.
Let us assume that there exists a double plane 2H in P 3 containing Z. Then we can assign a triple {A, B, C} consisting of a zero-dimensional closed subscheme A and two curves B, C in H such that A ⊂ B ⊂ C ⊂ H [6] . Roughly speaking, C with embedded points A is the intersection of Z with H and B is the residual intersection. If we let a, b, c be the length of A and the degree of B, C, respectively, then from the proposition (2.1) in [6] Now assume that Z is contained in the union of two planes H 1 ∪ H 2 (see [5] ). The only possibility for Z that has not been dealt with yet, is the union of a double line 2(H 1 ∩ H 2 ) and two lines L i ⊂ H i .
Hence Z = 2l + q, where q is the residual curve of degree 2 whose support does not contain l. If we tensor the exact sequence (2) Combining the results so far, we have the main theorem in the introduction.
A weaker version of Hartshorne's conjecture states that X ⊂ P n is a complete intersection if X has codimension 2 and n ≥ 7 and due to Serre, this conjecture is equivalent to proving that every vector bundle of rank 2 on P n splits if n ≥ 7. Now, from the classification of the triple Veronese embeddings, we have the following statement.
Corollary 3.11. Every vector bundle of rank 2 on P n giving a triple Veronese embedding, splits if n ≥ 3.
